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Abstract. The Yang-Mills and Yang-Mills-Higgs equations in temporal gauge 
are locally well-posed for small and rough initial data, which can be shown 
using the null structure of the critical bilinear terms. This carries over a sim¬ 
ilar result by Tao for the Yang-Mills equations in the (3+l)-dimensional case 
to the more general Yang-Mills-Higgs system and to general dimensions. 


1. Introduction and main results 

Let Q be the Lie goup SO{n, R) (the group of orthogonal matrices of determinant 
1) or SU{n,C) (the group of unitary matrices of determinant 1) and g its Lie 
algebra so(n,R) (the algebra of trace-free skew symmetric matrices) or su{n,C) 
(the algebra of trace-free skew hermitian matrices) with Lie bracket [X, Y] = 
XY — YX (the matrix commutator). For given Aa : —>• g we define the 

curvature by 

YajH — ^aAj^ d^A(^ [Aq. , Ay3] , 

where a,f3 € {0,1, n} and = da + [Aa, ■ ] . 

Then the Yang-Mills system is given by 

D’^Fap = 0 ( 1 ) 

in Minkowski space = Rt x R" , where n > 3, with metric diag{—l, 1,1). 
Greek indices run over {0,1, Latin indices over {l,...,n}, and the usual 

summation convention is used. We use the notation 9^ = gf-, where we write 
..., a;") = {t, x ^,..., x") and also 9o = dt- 
Setting ,3 = 0 in m we obtain the Gauss-law constraint 

d^Fjo + [A^,F,o] = 0. 

The system is gauge invariant. Given a sufficiently smooth function U : R^+" —>■ Q 
we define the gauge transformation T by TAq = Ag , T(Ai,..., A„) = (A{,..., A(j), 
where 

Aa ^ A'a = UAaU-^ - (9„G)[/-1 . 

It is well-known that if (Ag, ...A„) satisfies ([1]) so does (Ag,..., A(j). 

Hence we may impose a gauge condition. We exlusively study the temporal 
gauge Ag = 0. 
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The Yang-Mills-Higgs system is given by 

= [D 0 (l), 4 ,] ( 2 ) 

0^^0^4 = 141^-^ 4 . (3) 

Setting /3 = 0 in (ED we obtain the Gauss-law constraint 

d^F,o = -[A^,F,o] + [Oo4,(l^] 

where 4 ■ —>■ g ■ This system is also gauge invariant. Similarly as above we 

dehne the gauge transformation T by T Aq = A'q , T{Ai,...,An) = {A'l,A'^) , 
T 4 = 4 ' I where 

Aa^^A'^ = UA^U-^ - (a„c/)c/-i 
4^4' = U4U-^. 

If {Ao,...,An,4) satisfies (ED,(ED: so does {A'q, A'^,4')- 

Some historical remarks: Concerning the well-posedness problem for the Yang- 
Mills equation in three space dimensions Klainerman and Machedon [KMl] proved 
global well-posedness in energy space in the temporal gauge. Selberg and Tesfahun 
m proved local well-posedness for finite energy data in Lorenz gauge. This re¬ 
sult was improved by Tesfahun m to data without finite energy, namely for 
(A(0), (9tA)(0) G iL® X with s > |. Local well-posedness in energy space 

was given by Oh m using a new gauge, namely the Yang-Mills heat flow. He 
was also able to shows that this solution can be globally extended m- Tao m 
showed local well-posedness for small data in iJ® x iJ® ^ for s > | in temporal 
gauge. In space dimension four where the energy space is critical with respect to 
scaling Klainerman and Tataru |KT] proved small data local well-posedness for 
a closely related model problem in Coulomb gauge for s > 1. Very recently this 
result was significantly improved by Krieger and Tataru [KrT] . who were able to 
show global well-posedness for data with small energy. Sterbenz [St] considered 
also the four-dimensional case in Lorenz gauge and proved global well-posedness 
for small data in Besov space x (5)°’^. In high space dimension n > Q (and 
n even) Krieger and Sterbenz |KrSt] proved global well-posedness for small data 
in the critical Sobolev space. 

Concerning the more general Yang-Mills-Higgs system Eardley and Moncrief 
[EM] . [EMT] proved local and global well-posedness for initial data (^(0), (9tH)(0) 
and ((( 1 ( 0 ), (clt()))(0)) in iL® x iL®“^ and s > 2. In Coulomb gauge global well- 
posedness in energy space Fl^ x L4 was shown by Keel m- Recently Tesfahun 
considered the problem in Lorenz gauge and obtained local well-posedness 
in energy space. 

We now study the Yang-Mills equation and also the Yang-Mills-Higgs system 
in arbitrary space dimension n > 3 in temporal gauge for low regularity data, 
which in three space dimension not necessarily have finite energy and which fulfill 
a smallness assumption, which reads in the Yang-Mills-Higgs case as follows 

||^(0)||_K= -t- ||(9t^)(0)||/i-«-i -I- ||^(0 )||h« -I- ||(9t0)(O)||^„-i < e 

with a sufficiently small e > 0 , under the assumption s > | for n = 3 and 
s > 5 ~ f ~ 8 ( 2 »-i) general dimension n > 3. We obtain a solution which 
satisfies A,4 ^ ^^([0,1], iL®) fl C^([0,1], iL®“^). A corresponding result holds for 
the Yang-Mills equation. Uniqueness holds in a certain subspace of Bourgain- 
Klainerman-Machedon type. The basis for our results is Tao’s paper |Tlj . We 
carry over his three-dimensional result for the Yang-Mills equation to the more 
general Yang-Mills-Higgs equations and to arbitrary dimensions n > 3. The result 
relies on the null structure of all the critical bilinear terms. We review this null 
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structure which was partly detected already by Klainerman-Machedon in the Yang- 
Mills case [KMlj and by Tesfahun |Te) for Yang-Mills-Higgs in the situation of the 
Lorenz gauge. The necessary estimates for the nonlinear terms in spaces of 
type in the (3-|-l)-dimensional case then reduce essentially to Tao’s result m- 
One of these estimates is responsible for the small data assumption. Because these 
local well-posedness results iProp. lTT]) and iProo. lT^ can initially only be shown 
under the condition that the curl-free part A‘^-f of A (as defined below) vanishes 
for t = 0 we have to show that this assumption can be removed by a suitable gauge 
transformation (Lemma 14.11) which preserves the regularity of the solution. This 
uses an idea of Keel and Tao |T1) . 

Our main results read as follows: 


Theorem 1.1. Let n>3,s>^ — | — . Let a € iL®(K”) , a' G iL® ^(R") 

be given, where a = (ai,...,a„) , a' = (a)^,..., a(j) , satisfying the compatability 
eondition a' = —[o-^,a']. Assume < e, where e > 0 is suf¬ 

ficiently small. Then the Yang-Mills equation m in temporal gauge Aq = 0 with 
initial eonditions A(0) = a, (i9tA)(0) = o', where A = {Ai,An), has a unique 
local solution A = A'^ -\- A‘^ -\- A'^f , where 

Af G X±’^+[0,1], A^f G 1], dtA^f G C°([0, . 

These spaces are defined below and a = solution fulfills 

A G ^“([0,1], iJ®(R")) n (^^([0,1],iL®-i(R")). 

Remark: In the (3-|-l)-dimensional case we assume s > | and a = | , so 
that data without finite energy are admissible. This is Tao’s result m- 

Theorem 1.2. Let n>3,s>§ — | — g^^n-i) ’ 2 < N < 1 -\- , if 

s < ^ , and N < oo , if s > ^ . Here N is an odd integer, or X G N with N > s. 
Let a G iL®(R”) , a' G iL®“^(R"') , cfo G iL®(R^) , (pi G iL®“^(R^) be given, where 
a = (ai,...,a„) , a' = {a[,...,an) , satisfying 9-^o' = — [pi,p{i\. Assume 

Ikllff* + < e, 

where e > Q is sufficiently small. Then the Yang-Mills-Higgs equations (0) , 0) in 
temporal gauge Ag = 0 with initial conditions 


A(0) = a , (9tA)(0) = o', p{0) = po , i9tP)iO) = Pi , 

where A = {Ai, ...,An), has a unique local solution A = A'f -\- A‘^ -\- A'^^ and 
p = p+ p- , where 

A^i G xf^+[0,l],A^f G G C°([O,l],R®-i),0± G X±’^+[0,1], 

where these spaces are defined below and a = This solution fulfills 

A,pe ^“([0, 1],R®(R'')) n ^^([0, 1],iJ®-i(R'')). 


Remark: The assumption N > s or N odd ensures that the function f{s) = 
|s|'^“^s for s G R is smooth enough at the origin. 

We denote the Fourier transform with respect to space and time and with re¬ 
spect to space by ^ and H, respectively. The operator | V|“ is defined by (X(| V|“/)) 
(5) = ICI“(-^/)(0 and similarly (V)“. □ = 9^ — A is the d’Alembert operator. 

0-1- := o -I- e for a sufficiently small e > 0 , so that a < a-\- < a , and similarly 
o- < a- < a , and (•) := (1 + | • . 
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The standard spaces of Bourgain-Klainerman-Machedon type belonging 
to the half waves are the completion of the Schwarz space <S(R.'^) with respect to 
the norm 

Similarly we define the wave-Sobolev spaces with norm 




|t|=ici 


and also with norm 

lkllx^,^„ = ll(C)^(r)^«(r,e)llL=,. 

We also define X^’^[0,T] as the space of the restrictions of functions in to 
[0,T] X and similarly Xp|’^|j| [0, T] and X®;fg[0,T]. We frequently use the esti¬ 
mates ||m|| < ||m|| for 6 < 0 and the reverse estimate for 5 > 0. 

"W - "^|x|=|{| - - 


2. Reformulation of the problem and null structure 
In temporal gauge = 0 the system o is equivalent to 
dtdivA = -[A^,dtA''] 

'AAj = dj divA — [divA, Aj] — 2[A'‘, diAj] + [A’', djAi] — [A^, [Ai, Aj\\ 
and the Gauss constraint reduces to 

d^dtA, = -[A,,dtA^]. 

Similarly in temporal gauge = 0 the system Q,® is equivalent to 
dt divA = -[dt'p, (j)] - [Ai, dtA^] 

'OiAj = dj divA — [divA, Aj] — 2[A'‘, diAj] + [A'‘, djAi] — [(f>, djcji] — [A'‘, [Ai, Aj\\ 

- [</>: [^4><^]] 

U(j) = -[divA,4>] - 2[A^,d'-(t)] - [A\ [Ai,(j)]] + 
and the Gauss constraint reduces to 

d^dtAj = -[Aj,dtA^] - [didA] ■ 

We decompose A into its divergence-free part A'^d ^^d its curl-free part A’^d • 

A = A'^dj^ Acf ^ 

where 

Af = {PA), := R^{R,Ak - RkA,) , Af = -R,RkA^ . 

Here P denotes the Leray projection onto the divergence-free part, and Rj := 


|V| ^dj is the Riesz transform. 

Then we obtain the following system which is equivalent to O: 

= (4) 

DA‘^d = -p[div A^d^ _ 2P[A\ diA] + P[A\ - P[A\ [A„ H]] (5) 

Similarly the following system is equivalent to ®,®: 
dtA-d = 4d\ + (-A)-i V[H„ dtA^] (6) 

UA^d = -P[divA^d^jsdi_2p[A\dA] + P[A\VAi]-P[(l),V(i)]-P[A\[Ai,A]] 
-P[ct>AAA]] (7) 

U4> = -[div A^d^ _ 2[H,, dA] - [^^ [A,, 4>]] + ■ (8) 
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We now show that all the critical terms in m, © and ©, namely the quadratic 
terms which contain only or (f> have null structure. Those quadratic terms 
which contain are less critical, because A'^^ is shown to be more regular than 
A‘^^, and the cubic terms are also less critical, because they contain no derivatives. 
The only critical term in ([5]) is [A'f We easily calculate 

[Af,d^A‘‘f] = [R'^iR^Ak - RkA,),d^A^f] 

= ^{[R\R,Ak - RkAi),d^A^f] + [R\RkA, - R,Ak),d'^A‘^f]) 

= ^{[R^{R,Ak - RkAi),d^A^f] - [R\R,Ak - RkA,),d'^A‘^f]) 

= ^Q^>^[\S/\-^{Rak-RkA,),A‘^f] (9) 

where 

Qij[u,v] := [diU,djv] - [djU,div] = Qij{u,v) + Qji{v,u) 
with the standard null form 


Thus, ignoring P, 

Qij(u, v) := diudjV — djudiV . 

which is a bounded operator we obtain 



P[Af,d^A'^f] ^ , 

(10) 

and similarly 

P[Af,9V]^^g,fe[|vriA''/,<(>]. 

(11) 

Moreover 

{(j>ycj>')f = R\R,{^dk(^') - Pfc(<^5,</.')) 



= M-^d\dj{cl,dkcl>') - dkic^djC^'))) 
= \V\~'^d'"{dj(l)dk4>' - dk(l)dj4>') 


so that 

P[,^,V(^] 


(12) 

and 

P[Af,VAf] 


(13) 


All the other quadratic terms contain at least one factor A'^f. 
Dehning 


</>± = ^{<1) T *(V) ^dtcj)) (j) = (j)+ + (j)- , dtcj) = *(V)(0+ - (/>_) 

Af = ^(A‘‘^ =F i{V}-^dtA‘^f) ^ A^f = Af + A? , dtA'^^ = i{S/){A% - A'^1) 

we can rewrite ®,® as 

dtA-f = {-^)-^V[A,,dtA^] (14) 

{idt±{V))Af = T‘2-~^{y)~\R-H.S.of^-A’^f). (15) 

with initial data 

Al^(O) = i(A‘'/(0)T*-'(V)-i9tA‘'^(0). 


(16) 
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Similarly we can rewrite di,©,® as 

dtA^f = {-A)-^V[dt<PA] + {-A)-^V[A,dtA^] (17) 

{idtT{y))At = T2-^{V)-^{R.H.S.of m - ( 18 ) 

(idt T (V))</.± = T2-^(V)-i(i?.i7.5. 0/ ® - </.). (19) 

The initial data are transformed as follows: 

<(>±(0) = lim T (20) 

AiiO) = ^iA‘^f{0)T^-\y)-^^tA'^H0)■ (21) 


3. The preliminary local well-posedness results 


We now state and prove preliminary local well-posedness of as well 

as for which it is essential to have data for A with vanishing curl-free 

part. 


Proposition 3.1. For space dimension n > 3 assume s > § ~ f ~ 8 ( 2 n-i) 

a = ^f 2 n-i) ■ “ (®i'^’ ^'n ) ^ be given 

with 

\\o-f < Co , 

j 3 

where cq > 0 is sufficiently small. Then the system with initial conditions 

A^f{0) = , {dtA‘^^)iO) = a'‘^^ , A"1(0) = 0, 

has a unique local solution 

A = Af + A‘^I + , 

where 

Af e 1], A^f G xZo~"^[0, 1], dtA^^ e C°([0,1], 77"-') • 

Uniqueness holds (of course) for not necessarily vanishing initial data A‘^f{0) = 
a'^1. The solution satisfies 

A G C'°([0,1], 77") n ^'([0,1], 77"-^). 

Proposition 3.2. For space dimension n > 3 assume s > § ~ f ~ 8 ( 2 n-i) 
a = • Assume 2 < N < 1 + , if s < ^ , and 2 < N < 00 , if s > ^. 

Here N is an odd integer, or N G N with N > s. Let = {af, G 77® , 

a"^7 = (a'f",..., a'(f) G 77®“^ , fio G 77®, fii G 77®“^ be given with 

lla'/lli/o-i -I- ||</>o||ff'= + ||(('i||h*-i < Co , 

3 3 

where cq > 0 is sufficiently small. Then the system with initial condi¬ 

tions 

m = fio , {dtfim = </-!, , {dtA'^^m = , ^<=7(0) = 0 , 


has a unique local solution 

+ fi- , A = A% + A'^1 + A^f , 

where 

G X±’^+[0,1], 47 e x4+[0, 1], A ^7 g 4;“’^+[0, l],dtA<^f G C°([0,1],77^-') . 
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Uniqueness holds (of course) for not necessarily vanishing initial data = 

The solution satisfies 

A,cf G C°i[0,l],H^) . 


Fundamental for their proof are the following estimates. 


Proposition 3.3. Let n>2. 

(1) For2<q<oo,2<r<oo,^ = in- l)(i - D , IJ-= n{h - D 


following estimate holds 




< 


hll 


the 


( 22 ) 


DI = ISI 


(2) For k > 0 , p < oo and 2 JI 1 + 1 ) — p — 2 (n+\) ~ n following estimate 
holds: 


< 


X 


’‘+ 2 (n + l)'i+ ■ 


(23) 


i^i=iei 


Proof. (1^ is the Strichartz type estimate, which can be found for e.g. in [GVj . 
Prop. 2.1, combined with the transfer principle. 

Concerning (1231) we use [KMBTj . Thm. B.2: 

\\J^tU\\ 2(n + l) < IImqII . , 

if u = and J-t denotes the Fourier transform with respect to time. This im¬ 

mediately implies by Plancherel, Minkowski’s inequality and Sobolev’s embedding 
theorem 


llwIliSi? = < \\J^tu\\L2LP < IIJiMlI 


^("+D 

n-1 


< 


Ikoll 


H^+2(n + l) 


The transfer principle implies (I23|) . 


□ 


Proof of Prop. 1,9.21 and Prop. 1,9.11 We use the system (fT4l) . (ITKll (instead of (01),®) 
and (fT7ll . (fT^ . (IT^ (instead of ®,®,®) with initial conditions (ITbl) and ((^ . (l2T|) . 

We want to use a contraction argument for A'^ G 1], A^f G 

[0,1] , dtA^^f G C°([0,1],), and in the Yang-Mills-Higgs case in addition 

for (f G [0,1] . Provided that our small data assumption holds this can 

be reduced by well-known arguments to suitable multilinear estimates of the right 
hand sides of these equations. For dTSl) e.g. we make use of the following well-known 
estimate: 


^ u±mH‘ + wR.H.s.ofmWxi^'-^io.i] - 

which holds for Z G K , ^ < 6 < 1 . 

Thus the local existence and uniqueness can be reduced to the following 
estimates. 

In order to control A‘^f we need 


^T=0 
''t = 0 

^T=0 


< 


u 


AT, 


111 \\h\\.i+, 


|T|=iei 


A 


|t| = I«I 




X. 




ll|v|-i(</> 2 at</>i)|| 


a:.. 


< ll'/’il 


,\\4>2 


^=0 |t| = I£I 


(24) 

(25) 

(26) 
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In order to control dtA‘^f we need 

^-r = 0 ^ 


( 27 ) 


The estimate for and </) by use of ((inD,(lIIl),(IIll),(lI3D reduces to 

||Q.,(|vrVi,^2)|| + IIV-iQ.,(</>!, 




kl = ICI 




|t| = |€| 


< \\M 


X, 


Wh 


(28) 


|t| = |C| ^|r| = |£| 

For the proof of we refer to HI, Prop. 9.2 (slightly modified), which is given 
under the assumption s > § — f. This assumption is weaker than our assumption, 
if n > 4, and they coincide for n = 3. 

Moreover for the terms P[div , A] , P[A'^,diA] and P[A^,djAi] we need 






kl = l€l 


X, 


kl = l€l 




X 


and 


Nt|=|€I 

All the cubic terms are estimated by 

3 


X,_,_,c\ x_^_n 


11 A 1 A 2 A 3 I 


AT, 


3 - 1 ,-^+2, 
|T|=iei 


< 


J^mindlAj 


a:, 


11^. 


|T|=iei 


a:. 


J- 


Remark that in (l27)) . (l29l) and m A’^f may be replaced by ^ . 
For the Yang-Mills-Higgs system we additionally need 


|A-1 


(('ll < U\ 


A, 


Kl = l«l 


N 

A,” 


l^l = l£l 

(29) 


(30) 


(31) 


(32) 


|T|=iei 


All these estimates up to (EZl) and (EH) have been essentially given by Tao m 
for the Yang-Mills case in space dimension n = 3. We remark that it is especially 
(USD which prevents a large data result, because it seems to be difficult to replace 

^T=o’ t,y A^t=o’ on the left hand side. 

Proof of (I25p . As usual the regularity of |V| ^ is harmless in dimension n > 3 
m, Cor. 8.2) and it can be replaced by (V) Taking care of the time derivative 
we reduce to 


I J j UiU2U3dxdt\ < ||ui|| 


s + ct,l+e ll^2|| s + c.-l+e Il'MsH 1 _ (c + s) , 1-2e+ , 


T=0 ^T=0 ^T=0 

which follows from Sobolev’s multiplication rule, because under our assumption 
on s and the choice of a we obtain 2(s -|- a) -I- 1 — (a -I- s) > f , as one easily 
calculates. 

Proof of (I26D . a. If (j) is supported in ||r| — |C|| > |C| , we obtain 


ll^ll 


< 


Xt=0 


|t| = I£I 


when we remark that a < | for n > 3 . Thus (E51) follows from (l?5|) . 
b. It remains to show 


{uvtw + uvwt)dxdt\ < ||m|| i_„_„,i_d|w| 

A.^_n 


|t| = I£I ^=0 
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whenever w is supported in ||r| — |^|| <C |C|. This is equivalent to 


li^l,^2,^3,Tl,T2,T3)Y[ui{^i,Ti)d^dT < | 


Ui 11/^2 


where d^ = d^id^ 2 d ^3 , dr = dTidT 2 dTn and * denotes integration over = 

Ti = 0. The Fourier transforms are nonnegative without loss of generality. 

Here 

_(kzl + k3|)X||r3|-|;3ll«k3l_ 

(a)i-“-Mn)^-^(C2)^+“-^(r2)H^(e3)«(|r3| - 161)3+^ ■ 

Since (T 3 ) ~ (^ 3 ) and ri -|- r 2 + r 3 = 0 we have 

k 2 | + |r 3 | < (33) 

so that concerning the first term on the right hand side of (|55)) we have to show 

uvwdxdtl < ||ri|| i_c_s,o||n||„s-i-c«-e,ollwll . 3 , 

I -- II "K=o " "^x=o " "a, 

which easily follows from Sobolev’s multiplication rule, because s > f — 1- 
Concerning the second term on the right hand side of (1^ we use {^ 1 )®“^'*'“ < 
(^ 2 )®”^''’“ + (^ 3 )*”^'''“: so that we reduce to 


and 


uvwdxdt\ < ||u||^o^o Hull 

° ^T=0 


J j uvwdxdt\ < ||m||jj-o,o ||u|| „ 


Ikll 


|t| = |«| 


A 


(34) 

(35) 


|t| = I«I 


To obtain (IMl) in the case n > 4 we estimate as follows: 

I / / uvwdxdt\ < ||■u||LJL?lkll _^ll 

J J Lx L?° 


We use (1^ with p = and k = — i), so that one easily checks that 

k- 


n — 1 , n — 1 

= n{- 


2{n+l) '2(n + l) 


1 — e, n — 1 n 5 1 


Thus 


and by Sobolev 


^ 11^1 


IMI 


y'=+ 2(n+\) •;+ - 

Pl = l«l 


p| = |£| 


< 


A, 


In the case n = 3 we estimate by Sobolev and 

I / / uvwdxdt\ < ||w||L2i2||u||L4i^||ri;||i4i2 < ||u||^o^o ||u|| i_.,i + || 
In order to obtain ([H5|l we estimate as follows: 

I J J uvwdxdt\ < ||u|| 2 , 2^2 Ijnll^g 


w\\ 1 1 


|t| = |€| 




with, i = ^^2 -^0^]2d “ ^ ^^^ ’T'Vioti iTtro noo fVio om Viorlrl i n rr ^ 


q n—1 p 

L|. This is true, because one easily checks 
and s > f — We next show that 


2 (^n-i) - -■ Then we use the embedding 


C 


> ^ - 




< 


X, 


n-1 — 2 


i-Q-e 


using a < J 


|T|=iei 
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This follows by interpolation between (l23l) (with fc = 0) and the trivial identity 

= ||rt||^o,o with interpolation parameter 0 given by 

One checks that 0 < 1 and ^ + ^ 2 (n+\) ’ follows. 

Concerning the last term on the right hand side of (|55)) we use < 

(^ 2 )®”^''’“ + (^ 3 )*”^'''“ so that we reduce to 


uvwdxdtl < Hull 




Hoi'll 

|t|=|{| 


and 


KI = ISI 


I J j uvwdxdt\ < ||m|| o,i-e|| 

In order to obtain (pIHll in the case n > 4 we estimate by Holder’s inequality 

I J J uvwdxdt\ < ||m| 

By Sobolev we have 


(36) 

(37) 


- ^^ e J 2 


lt^l; 


T n — 'J + 2e J 2 
■‘-‘X 

and by ipHll we obtain for ^ = i — 0(e) : 


< 


Ull^l-e.O , 


ll^lliSL? 


< 


IlCN T , n — 1 1 , . 

' " „''+2(n + l) ’2 + 

KI = ISI 


where 


k n — 1 1 , , n—1 n 3 , 3 


Interpolation with the standard Strichartz inequality 


IlCll 2(n + l) 2(n + l) 

L, L, 


— kC 2 (ti + 1) 2(.i + 1) 


< 


r 2(n+l) 

lor g = r = ^ : 

^ n—1 


\W\\ 1 1 , 

I W y 2 '2^ 

^kl = ICI 


and interpolation parameter 0 = (n + I)e gives 


< 


A, 


KI = ISI 


which is more than we need. 

In order to obtain (1551) in the case n = 3 we estimate as follows: 


uvwdxdt] < ||u|l i||u||L4i2||u;|| 2 


< 


\H 


^T = 0 


" |x| = |£| 


which is sufficient under our assumption s > | . 
In order to obtain ((571) we estimate 


nWxdt| < ||m|| i||u||iPi2||u;|| . 


where - = h — and - = so that by Sobolev 

pin q n ' 

One easily checks that \ '■= \~ 0{e) > 2 (ri+i) under our assumptions on s and a. 
By (1551) we obtain 
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which we interpolate with the trivial identity ||w||l 2^2 = ||w||^o,o , where the 

interpolation parameter 6 is chosen such that 


|t| = I£I 


q 2 {n - 1 - 1 ) 2 2 n 


we obtain 


klliiL? ^ Ikll^ 


l^l = l£l 


with k = ^ 2 (^+ 1 ) “ calculation now shows that 

k < ^ — a, so that another interpolation with Strichartz’ inequality 


||1C|| 2(n + l) 2(^ + 1) < ||1C|| 1 1 + 

^IN = I£I 


and interpolation parameter 6 = {n + l)e gives 


^ Ikll .+O( 0 ,i+ < Ikll !-.+.,! + 


This completes the proof of 
Proof of H24|l . If (j) is supported in ||t| — |^|| > |^| we obtain 




< 






Y, 


|t| = I«I 

which implies that (IMl) follows from (E51) . if (j)i or (j )2 have this support property. 
So we may assume that both functions are supported in ||t| — |^|| <C |C|. This 
means that it suffices to show 

» 3 3 

/ m{il,(2,^3,Tl,T2,T3)Y[u^{^i,T,)d^dT < ’ 




2=1 


where 


m = 


l’^3|X||T2|-|C2||<|€2|X||r3|-|^3||<|^3| 


(Ci)i—(ri). —{6)^(|r2| - l6P+^(6)«(|r3| - 161)^+^ 

Since (ts) ^ {^ 3 ) , {T 2 ) ~ ( 6 ) and n -|- r 2 -|- T 3 = 0 we have 

k3| < (ri)5-^-{6)^+^+ + (6)^“^“(6)^+^+, 

Concerning the first term on the right hand side we have to show 


uvwdxdt] <\\u\\j^i-,.-..o\\v\\ ,, 3 +J|w;|| 

" “ ^l-l = l£l ^|x| = l£l 


(38) 


We use [FK| ,Thm. 1.1 , which shows 


||nw|l 


< 




W\\ 


X 


|t| = |?| 


under the assumption s > f — |. This is enough, because a < 

Concerning the second term on the right hand side we use (^ 1 )®“^^“ < (^ 2 )^”^"'’“ + 
(^ 3 )®“^+“ , so that we reduce to 


uvwdxdtl 5 , llwl 


OA-e- ll^ll -^-a + e+,i+t 


Y, 


|t| = |£| 


Y 


|t| = I£I 


and 


uvwdxdtl 5 , llwl 


i-dh’ 


Y, 


x=o "NtNiji 

We even show the slightly stronger estimate 




l^l = l£l 


J J uvwdxdt\ < ||u|| 


V 1 
Y, 


1 _cv_€_ A+e 

2 a € ,4-1-e 

|t| = |€| 




S-^-e-,f+€ 5 

kl = ICI 
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which implies both. We start with the estimate 

I / / uvwdxdtl < ||m|| i ||?;|| 2 , || 

'JJ ' LlLr + " 


wIIl’l? , 


where ^ ^ Interpolating 


i^^ii 2 (a±m < ni 

T n —1 j2 -^2(n4-l) 2 


with the trivial identity I1 1 ; 11 ^2 ^2 = ||n||j(-o,o with interpolation parameter 0 given 


l^l = l£l 


by ^ 2 (n+i) = 5 “ Cl ~ 2e (where we remark that 0 < 1) this gives 

<lln|I 




X 


-I = l£l 


where 


1 Cl —1 1 n —3 2 

^ ■ ^^2 - 2(^rri) + ■ 


Interpolating this estimate with Strichartz’ estimate just slightly changing the 
parameters we obtain 

^ Ikll 

where i = i + 0(e). Thus i = i- i = ^- -^a - OU). 

p p ^ q 2 p n—1 n—1 '' ' 

Next we apply ((23|) to obtain 

IkllLiL? < Ikll ^^, 1 + 

''^l^l = l£l 


with 


n — 1 k . , n — 1 

- k = n{- 


1 


+ 


q 2(n+l) n 2(n +1) n — 1 n—1 

In order to conclude the desired estimate 

Wwhm ^ Ik" 


a) + 0(e). 


X, 


|t| = I£I 


we need 


, n X n n 2n , 

s>k+ —— + 0(e) = --- +- -a + 0{e). 

n+1 2 n—1 n—1 


(39) 


This means that in order to obtain a minimal lower bound for s one should also 
minimize a. On the other hand in the proof of (1301) below we have to maximize a. 
Comparing condition (I39p with (j42p below we optimize a by choosing 

n n 2n n 1 3n + 1 

-1-rv =-2rv £3 rv = - 

2 


n 2n n 1 

- 7 H- 7 Cl = — —7 — 2ci<(4>ci=„, 

n — 1 n — 1 2 4 8(2n — 1) 


(40) 


which leads to our choice of a. Thus the condition on s reduces to 

5 


n 1 „ ^ n 5 

5>____2a + 0(e) = ----8(2^_l) 


0(e). 


This is exactly our assumption on s. 

Proof of (|27p : Sobolev’s multiplication law shows the estimate 

|1|V| ^(24ii9t242)||c0(//*-i) ^ ||24i||co(ff«) 119(^2 ||cO(//'‘-i) 
for s > ^ — 1. Use now 


A = A^f + Y^ Af , 


dtA = dtA<^f + i{V){A% - A’^l) 
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from which the estimate (EH) easily follows. 

Proof of (|29|1 : This a generalization of the proof given by Tao m) in dimension 
n = 3. We have to show 

» 3 3 

/ r) Ti)d^dT < hihl, , 

■'* i=l i=l 

where ^ = (^ 1 , 6 : 6 ):'^ = ('ri,'r 2 ,r 3 ) , * denotes integration over C* = 

ELi Ti = 0 , and 

(1^21+ l 6 l)terM|ri|- 161 ))-^+^^ 

fYl ^ _ 

(6)^(k2|-|6l)^+^(6)*+“(r3)^+^ ■ 

Case 1: IC 2 I < |Ci| 161 + 161 6 161)- 

By two applications of the averaging principle (ID, Prop. 5.1) we may replace m 
by 

/ _ (6) x||t2|—|{2||"^iX|t3|'^i 

"" “ { 6 )M 6 )*+“ 

Let now T 2 be restricted to the region T 2 = T + 0(1) for some integer T. Then ri 
is restricted to n = —T + 0 ( 1 ), because n + r 2 + T 3 = 0 , and ^2 is restricted to 
161 = 1^1 + 0(1). The Ti-regions are essentially disjoint for T G Z and similarly 
the r 2 -regions. Thus by Schur’s test m, Lemma 3.11) we only have to show 

(6)®Xri = -T-|-0(l)XT2=T+0(l)X|T3 + lX|C 2 | = |T|-|-0(l) 


sup 


( 6 )® ( 6 ) 


s+a 




2=1 


sniKik.' 


The r-behaviour of the integral is now trivial, thus we reduce to 

sup/ 6 n ■ (41) 

TEN (7^)66) + 

Assuming now |^ 3 | < |^i| (the other case being simpler) it only remains to consider 
the following two cases: 

Case 1.1: | 6 | 161 6 7". We obtain in this case 


L.H.S. of (1^ < sup 


1 


II/i||l2|I/3||l2|I-7' (xici=t-i-o(i)/2)||l= 


TeN 7"*+“ 

^ sup ^, 4 .^ ||/l||L 6 l/ 3 ||L 6 IX|g|=T+ 0 (l) 72 ||Li 




TeN 


^s+a • 


< 


sup n ii/iiii^ < n 

T 6 N 7"«+“ 


because one easily calculates that 2 (s + a) > n — 1 under our choice of s and a. 
Case 1.2: | 6 I 7" > j^sj. An elementary calculation shows that 

3 3 

L.H.S. 0 / 62) < sup ||xi 5 |=t-lo(i) * ( 6 ”^^'*+“^ll!-(Rn-i) n Wf^WLi 6 n ’ 

i=l i=l 

using as in case 1.1 that 2 (s + a) > n — 1 , so that the desired estimate follows. 

Case 2. | 6 I < 161 (^ 161 + 161 < 161)- 
Exactly as in case 1 we reduce to 


sup / 

TeN {i=0 
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This can be treated as in case 1. 

Proof of (|30p : By Sobolev’s multiplication law we obtain 


I J J fghdxdt\ < 




JIffll, 




-o+f-2e,-i ) 


where we need that 


r, 1 « ^ 

s 2o + — — 2e > — 
4 2 


(42) 


which holds under our assumptions on s and a. Using the elementary estimate 


{t)1- 


< 






we obtain 


X. 


-S+^-2€,-i 


< 


!r 1-S i-2€ 

[^|t| = I£I 


which implies (1301) . 

Proof of (|3ip : We use the following consequences of Sobolev’s embedding and 
Strichartz’ inequality: 


Lt-Hi 


<PII 

^T=0 

(43) 

Rl = l£l 

(44) 

<Pll 4,i+ , 

(45) 


where we applied (12^ with g = 4 , r = and also 

ll"4|| y + C + 2 (n-l) _ < ll^dll 1 ^ . 

Lt+H^ + ' n-2 

Assume now s > 1. Taking the dual of (l4^ we obtain 

IIA 1 A 2 A 3 II < 11^1^2^311^4 

Vi=iei 

This can be estimated by 


(46) 




ll"^2|| ^+11^311 ^ ^ + 

^X 


1 _ 1 _ l + CK 
2 n 

we have c , so that 


where ^ | 1 and similar terms with reversed roles of Aj . Now by Sobolev 




Next we obtain H. 


„ + l , 2(n-l) 

’-4(n-l)+’ ™-2 ■ 


C ^’P , because 


1 n — 2 1 n + 1 3n+l a 

p 2{n — 1) n 4(n — 1) 4n(n — 1) ^ n 

which holds, because j > a = ^ ■ This implies by (HSl) 


X, 


l = l£l 


Next we have C , because the inequality 

1 + a 1 s + a 

2n 2 n 

holds by s > § — I and a> . This implies 
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S—— iiiL— ~ 1) 2n I 

C , because one easily calculates that 


Finally by Sobolev H, 

^ > 20^ - - 4 ^) using s > I - I and a > ^. Thus by (03 


11,44 TTb:+ ^ 


LfH. 


^ IIAII ..i + 

, ^|x| = l£l 


This completes the proof of (IHTl) for s > 1. It remains to consider the case 1 > s > | 
in dimension n = 3 and a = j. This case is much easier. We only use 




|t| = I£I 


|t| = |£| 


so that by duality 


11 ^ 1 ^ 2^311 S- 1 .-I+ ^ 11 ^ 1 ^ 2^311 1 + 


s n 

1=1 


LI ■ 


Now by Sobolev for s > | we obtain 

< 


ii|IL^+L 6 ~ ^ ll^ill, 

and using Sobolev’s embedding and Strichartz’ inequality gives 


U 1 1 4 

" -5^“ 

^T =0 


IIAI 


Lt+Ll ^ IIAI, 


< 


II All, 


< 


IIA 


|t| = I£I 


|t| = I£I 


Proof of (|32D : The case N = 3 reduces to (EH). Next we consider the case N = A 
in dimension n = 3. We may assume s < 1, because the general case can be 
reduced to this case easily. This follows from Prop. [33] as follows: 


’'/’II o-i,-Jh 

|T|=iei 


< 


IIWVII 


< 


^4- 



where ^ \ — -^- 3 ^ ■ We now use Strichartz estimate (l2^ with q = ^+, r = ^ 

^ = 1 + to conclude 


<^11 __i4<ll</’ll"M+ 


^1 


|T|=iei 




^ 1 < 
l-hfj-t '2 A 


X 


ii'/’ir 


|t| = |£| 


^1 


3,5 + 

kl=iei 


, 16 

provided Hx ^ C which is fulfilled, if I = so that Z + /i < s, if 

+ |<s s>^, which is equivalent to our assumption TV < 1 + ■ 

The case N = 2 for n = 3 is much easier handled by the standard Strichartz 
inequality: 


,-l+<||</>|li44.4 <||'^|| 1,1 + 

|T|=iei '^|x|=i£i 


In all the other cases under our assumptions we have s > 1. We have 


lll</>l 


N- 


VII .-c-i+< Ill'll 

''^l^l = l£l 


Af-1 


^11 i + 

L? Hi 


.4 < VI 


N-1 




Here i + ^ = i We obtain c , if i = - - — , so that 

p q 2 ^ q p n ’ 


1 Wl (jV-l)(g-l) 

p N \ 2 n 


thus 


Ill'll 


N-1 


'^ll^-u-T 

|t| = |£| 


< 


VI 


N 


The case TV = 2 is again easy. In this case we have ^ which implies 

by Sobolev C under the condition ^ ^ which is easily seen to 

be equivalent to s > ^ — 1 , which certainly holds, so that we obtain the desired 
bound VIP 1 . 

V ’ 2 
^|t| = |€| 
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1 

r 


It remains to consider N > A. We use Strichartz’ estimate 
3 ' ..--^1 1 - ^(2i±iL^ to conclude 


with q 


2Ar(ra-l)+ ) M — ^^(2 r) 


liV-l 


'^11 

kl = ISI 


< 


II0II 

L? h: 


4N(n-l)~ 


l,r 


ll</>ll 


< 


A, 


1101 


|t| = |CI 


N 


kl = l€l 


lN+, 

(47) 


if we C H‘^ 3,p and I + ^ < s. By Sobolev we need 

1 1 1 l-s+1 

- > - > -• 

r p r n 


We calculate 


1^11 3 ^1 

r-p^2~ 2N{n-l) ^ N\2 
n 3n 


/I (jV-l)(g-l) 


^ 2+^"^-l)2(n-l)- 

In this case we can choose 1 = ^ — ^ + s — 1 , so that one easily calculates 


(48) 


I + p < s 

nd - 


n/1 (iV-l)(s-l) 


V2 27V(n-l) 


n 7 

^ 2~ 4(]^ 


n 

7 


s — 1 


3(n+l) 
AN(n - 1) 


)-v( 

( Y Tl Tl\ 

^ <^ + _ g) i/® < 2 < 00 i/s > -j . 


This is exactly our assumption on s and N. This lower bound on s and also the 
lower bound on s in Prop [XU is compatible with the upper bound (1481) in our case 
> 4 and n > 3, as an easy calculation shows. As always the desired estimate 
(Bll) for greater s can be reduced to this case so that (l4^ is redundant. Thus 6Zl) 
is proven. This completes the proof of (15^ and also the proof of Prop. 13.21 and 
Prop. ISX] □ 


4. Removal of the assumption A‘^f (0) = 0 

Applying an idea of Keel and Tao m we use the gauge invariance of the 
Yang-Mills-Higgs system to show that the condition A'^-^(O) = 0, which had to be 
assumed in Prop. 13.21 can be removed. A completely analogous result holds for 
the Yang-Mills equation and Prop. 13.11 

Lemma 4.1. Let n > 3 , s > § — f and 0 < e <C 1. Assume {A,(j)) G 
(C°([0,1], i7«) n Ci([0,1], i7*-i) X (CO([0,1], 77*) n Ci([0,1], 77*-!)) , Ao = 0 and 

+ ||(5M)'^^(0)||^.-1 + ||A=/(0)||^. + 110(0)11^. + ||(a*</.)(0)||^.-. < e. 

(49) 

Then there exists a gauge transformation T preserving the temporal gauge such 
that (TAY^{0) = 0 and 

\\{taYHo)\\h^ + ||(a*rA)^/(0)||«.-. + ||(t0)(o)||^. + ||(a*T0)(o)||^.-i < e. 

(50) 

T preserves also the regularity, i.e. TA G (^^“([0,1], 77*) D (^^^([0,1], 77*“^) , Tfj) G 
^“([0,1],77*) n C1([0,1], 77*-i). IfAG A+’^+[0,1] + a1’^ + [0, 1] + 1], 

where a = , dtA‘^f G ^“([0,1 ],and (f G 1] + 1] , 

then TA , T(j) belong to the same spaces. Its inverse T~^ has the same properties. 


In the proof we frequently use 
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Lemma 4.2. Let n>3,s>^ — 1 and define WfWx ■■= liv/llff. . The following 
estimates hold: 


ll/g|U<ci||/|Ull5llY 
WfgllH^ < ci ||/|| x ||5'|| h '» 
WfgWH--^ < cill/llxllffllff--! • 


Proof. This follows essentially by Sobolev’s multiplication law, where we remark 
that the singularity of |V|~^ is harmless in dimension n > 3. □ 


Proof of Lemma EH This is achieved by an iteration argument. Assume that one 
has besides (03): 

||A^/(0)||^. <<5 (51) 

for some 0 < (5 < e. In the first step we set i5 = e, so that the condition is fulfilled, 
in the next steps 6 = J etc. We use the Hodge decomposition of A: 

A = + divA +A'^^ . 

We define Vi := —{—A)~^divA{0) , so that VHi = ^'”•^(0). Thus 
||^i||a:= llVHillff. = ||A^/(0)||ff. <5. 

We define Ui := exp(Vi) and consider the gauge transformation Ti with 

Ao ^ t/iAoC/fi - idtUi)Ufi^ 

A ^ UiAUfi^ - (VC/i)t/f 1 
cf ^ . 

Then Ti preserves the temporal gauge, because Ui is independent of t, a property, 
which is true for all the gauge transformations in the sequel as well. Moreover 

(TiA)(0) = exp ViA(O) exp(—Vi) — V(exp Vi) exp(—Vi) 

= A'^'^(O) -I- (exp exp(—Hi) — A'^'^(O)) 

+ (exp ViA°-^(0) — V(exp Hi)) exp(—Hi) (52) 


and thus 


(TiA)"^(0) = -(-A)-iVdw(expHiA'^/(0)exp(-Hi) - A'^^(O)) 

— (—A)“^V(i7u((exp HiA'’’-^(0) — V(exp Hi)) exp(—Hi)). (53) 

Using a Taylor expansion and Lemma l4.II we obtain 
II exp HiA'^'^(O) exp(—Hi) — A‘^-^{0)\\h‘‘ 

< ||(expHi -/)A‘’*'^(0)(exp(-Hi) - I)\\h‘ + ||A"*'^(0)(exp(-Hi) -/)||ff<* 

+ IKexpHi - I)A^^{OfilH- 

< (II exp Hi - /||x + 1)||A‘’*'^(0)||//3|| exp(-Hi) - /||x 
+ II exp Hi - /||x||A"*-^(0)||ff. 

< (l + 5)e^ 

<-,s. 

We used the estimate 


II exp Hi 


nu < U 

fc=l 


wnx 

k\ 


^^ {ciwviWxr 

~ tA cifc! 


= Cl i(exp(ci||Hi||x) - 1) 


< Cl ^(exp(ci5) — 1) < 5 ■ 
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Furthermore we obtain 


= II TT^^i “ 


k^l 


fc=2 


k\ 


k=0 

oo 

^E' 


I expViA^f{0) - V(expyi))||ff. = || ^ ^VFi - ^ 




^jVi) I 

fc! ' 


\H‘ 


\\vn 

k\ 


-||vyi||ff.+^ 


k^2 


l|v(n^)l|g- 

k\ 


< 


oo 

E 

k^l 


cnviWk, 

ki 


vyj 




cflIVi 


lllx 


k=2 


k\ 


< (exp(ci||Vi||x) - l)||VVi||i/<* + (exp(ci||Vi||js:) 

< 

“ 2 


- 1 


ci||V^i||x) 


These estimates imply bv (IMl) in the case (5 = e <?C 1 : 

||(riAl)^/(0)|U. <coe5 = coe2<iei. 

Moreover by (15^ 

||(TiZ)( 0)||//3 < ||Z‘^'^(0)||//s + Cfyed < e + —< 2e , 
and combining this with (1541) : 


||(riZ)''/(0)||^^. <e + ei <2e. 
Similarly we also obtain by Lemma 14.11 

WdtiT.AyfmiH^-i < coe6 = coe^ < 

||a,(TiZ)(0)||^.-. <e+iei 

||9t(riZ)‘^/(0)|U,-. <e + ei <2e, 


(54) 


(55) 

(56) 


and 

||5t(Ti0)(O)||^^. + < e + ■ 

We have now shown that (PI) with e replaced by e + and m with (5 = ie 2 
are fulfilled with A and (p replaced by TiA and Tip. 

In a next step we define V 2 := —(—A)“^(iw(TiZ)(0) so that VV 2 = {TiAyf{ 0 ) 
and thus by (1511) 

\\V 2 \\x = \\yV 2 \\H^ < ei . (57) 

We define the next gauge transform T 2 by 

A I-5- U2TiAU2^ - VU2U2^ 

p ^ U2TiPU^^ 

with U 2 = expV 2 . 

Calculating as above we obtain 

{T 2 A){ 0 ) = {TiA)^f{0) + {expV2{TiA)^f{0)exp{-V2) - {TiA)^f{0)) 

+ ((expy2VV"2 - V(expy2))exp(-y2)) 
where we used VV 2 = (Ti2l)‘^'^(0). This implies : 

mAyfmn^ 

< C2{\\expV2{TiAyf{0){exp{-V2)-I)\\H^ + \\{expV2 - lyTiAff {0 )\\hs 
+ ||((expV2VV2 - V(expV2))exp(-V2))||ff'>) ■ 
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The first two terms on the right hand side are bounded by dSZl) by 

C2((exp(ci||V'2||x) - 1) + l)2e(exp(ci||y2||A:) - 1) < (e^ + l)ee^ < , 

where we used dMl), whereas the last term on the right hand side can be handled 
similarly as in the first iteration step : 

C2||((expV2Vy2 - V(expy2))exp(-V2))||ff‘» < ■ 

This implies 

\\iT2ArnO)\\H^<le^ 

and also 

||(T2A)(0)||^. < < e + ei + < 2e, 

thus 

||(T' 2 ^)'^'^( 0 )||ff« < € + +e^<2e. 

Similar estimates are also obtained for \\dt{T 2 Ayf{0)\\jf3-i , ||9t(T2A)(0)||//«-i 
and \\dt{T 2 A)‘^^(0)\\h‘' We also obtain 

||(T2</.)(0)||ff. + ||(5*T2<^)(0)||^.-. < e + ei +e2. 

We have now shown that (gSl) with e replaced by e + e 2 +e^ and m with 5 = 
are fulfilled with A and (p replaced by T 2 A and T 2 (j) ■ 

By iteration we obtain a sequence of gauge transforms Tk defined by 

Ik Ik 

A ^ n exp ViA J]exp(-yi) -V([[ exp Vi) J^exp(-Vi) 

l—k 1—1 l—k 1—1 

1 k 

(/>!—^ JJexpVi0jJexp(-Vi) 

l^k 1^1 

with 

Vi :=-{-A)-^div {Ti_iA)iO) 

where Tq := id. We remark that VT4 = iTk-iA)‘^-f (0). We now make the assump¬ 
tion that for some k > 2 we know that 

||(Tfe_ikl)''/(0)||^^. < e + el + ... + < 2e 

and 

\mx = \\{Tk-iArHo)\\H^<le^. (58) 

This holds for the case k = 2 as shown before. Exactly as in the first two steps we 
obtain the estimate (with implicit constants independent of k from now on) : 

iiEfe+iiu = iivT4+iii^. = winArfmiH^ 

< ((exp(ci||Vfc||x) - 1) + l)||(7fc_iA)‘*-''(0)||ff.(exp(ci||Vfc||x - 1) 

+ (exp(ci||14||x) - l)||V14||i/. -b (exp(ci||Vfc||x) - 1 - ci||14||x) 

<(||(T,_a)=^(0)||LL^+l)||(T,_ikl)'^/(0)||^.||(7’fc-i24)^/(0)||^. 

+ \\{n_,ArfmH4iTk-iArHo)\\Hs + \\{Tk-iAr4o)\\h 

< (e^ + l)2ee"^' + 

and 

|l(Tfckl)(0)||ff. < ||(rfe_iyl)''/(0)||ff.+ ieHi < e +£§ + ... +e^ + iel+i <2e, 
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thus 


€2+1 ^ 2e. 


\\{TkAfiO)\\Hs<e + e-^ + 

Thus these estimates hold for any k >2. Similarly one can show that 

mTkA){0)\\Hs-i + + ||(Tfe</))(0)|U. + WidtTkC^milH 

< e- 

Next we estimate 

Ik Ik 

\\TkA\\H^ < ||(nexp^)Anexp(-l^)||^^. + ||V(n expT^) JJexp(-VJ)|| 


l^k 

= 1 + 11, 


/=1 




Z=1 


We further estimate 

1 k 

I < ll^dll^. + ||((nexprO - /)A((nexp(-rz) - /)||^. 


l^k 


1^1 






Z=fc 


= mil//* + /i+/2+^3 
In order to control Ji we consider first 

^ ^ ^ T/n ^ ^ 

iin“p'^-^iu=iini:dr-fli^=iii: i: niii-p 

l—k l—kn—0 m—lni-\-...-\-nk—ml—k 


m—1 ni + ...+nfc=m l—k 
k 


ni\ 


l^k 


= exp(^ci||V;||x) - 1 < exp(^cie ^ )-l< exp(2cie) - 1 < e 


/=i 


z=i 


independently of k where we used (|55|) . Consequently 

1 k 

/i <11(11 ei^p^)-^ii^ii^ii^“ii(ne^p(-^') 

l=k 1=1 

Estimating I 2 and I 3 similarly we obtain 

^ < mil-H‘'’(l + + e). 

Moreover 

1 k 1 

II < ||V(PexpVi -/)(Pexp(-Vi) -/)||//* + ||V(PexpV'/ -/)||//. 




Z=1 

k 


l^k 


X 


< liPexpVi -/||x||(nexp(-Vi) --f)l|x + IKPexpV; -/)||; 

l—k 1—1 l—k 

^ + e , 

Summarizing we obtain with implicit constants which are independent of k 

mfe^ii-f/p <mii-Kp + e 

Similarly we also obtain 

\\^t{nA)\\H.-^ < mmii//*-p 

and 

mfe?^ii-K= < miiff'’ ) mt(Tfe(/>)ii//*-i < \\dt4>\\H^-^ ■ 
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We want to consider the mapping T defined by = limfc_>oo TfcA and T(j> = 
limfe_>oo , where the limit is taken in 1], i?®) fl 1], This 

would imply bv (1551) : ||(TA)'^^(0)||ijs = limfc_^oo ||(T’fcA)'^^||//s = 0 , thus the desired 
property 

{TAff{0) = 0. 

Now define 

1 oo 1 oo 

S'A := (exp V'/)yl]^exp(-l//)-V(]^ expVJ) exp(-l/j) = UAU~^-VUU~^, 

l — OO 1 — 1 I —CO 1 — 1 

with U := ritoo 6xp Vi, where the limit is taken with respect to || • Hx . 

This limit in fact exists, because by the calculations in (15X1) we obtain for N > k 
the estimate 

1 1 fc-i-i 1 

II exp Vi-JJexp Vi||jc < || exp Vi-/||x(|| exp Vi-I||x+1) ^ . 

l^N l^k l^N l^k 

We also obtain U~^ = Oti exp(—V/), which is defined in the same way. 

In order to prove S = T we estimate as follows : 


\\SA-TkA\\H^ 

1 1 OO 

< ||(P exp Vi - Pexp V/)>ipexp(-Vi)||H. 

I—CO l—k 1—1 

1 CO k 

l—k 1—1 1—1 

1 1 cso 

+ l|V(P (expVi) - PexpVi)(Pexp(-Vi)||//3 

I—CO l—k 1—1 

1 oo k 

+ l|V(nexpVi(P exp(-Vi) - Pexp(-I^))||jf. 

l—k 1 — 1 1 — 1 

= I + II + III + IV 


Now 

fc+1 1 OO 

-^= IKH ®^P^' -/)PexpViApexp(-Vi)||H. 

I—CO l—k 1—1 

fc+1 1 oo 

< II P exp Vi -/||x(|| n®^P^' -I\\x + l)||Apexp(-Vi)||ff« . 

l—oc l—k 1—1 

Now by (EH) we obtain 

1 

II P exp Vi - /||x < e, 

l^k 

and 

oo oo 

||Apexp(-yi)|U, < ||A||^.(1 -f II Pexp(-yi) - /||x) < WAWnsil + e) 

1^1 1^1 

and also similarly as in (I5T|1 


A;+l oo 

II P exp(-Vi) - I\\x < exp( cie^+^) - 1 < exp(ce^+^) - 1 < 


l — OC 


l—k-\-l 
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SO that 

Next we estimate 

1 1 OO 

///<iiv(n (exp Vi) - nexpVi)((nexp(-Vi) 


l — OO 


l^k /=1 

1 


+iiv(n (exp VJ) - JJexp V;)|| 




l—oo 

fc+1 


1 


< 


ii/- p expvilixdi “-^11^+ i)(ii --fiix +1) 


l — Q 


l^k 

k 


Z=1 


< £2+1(6+l)(e+l) <£2+1. 


Finally 


< ||V(Pexpyj-/)Pexp(-y/)(/- P exp(-V'/))|| 




l^k 


Z=1 

k 


Z=fc+1 


< liPexpVi-/||x(Pexp(-y/)-/||x + l)||/- P exp(-Vi)|U 


Z=fc 


Z=1 


l—k-\-l 


<e(e+l)e4+i <ef+2^ 


so that we obtain 

||5'A — < £2+1(11 + 1) —>■ 0 (A: —> oo), 

thus T^A —)• SA in C°([0,1], -ff®) and similarly dtTkA —>• dtSA in (^^([0,1], 
as well as Tkff) —^ S4> in C°([0,1],FA®) and dtTk(t> —>■ dtS4> in CO([0,l],iF*-i). 
We have shown that T = S' is a gauge transformation which besides fulfilling 
the temporal gauge has the property (TA)'^-^(O) = 0 and preserves the regularity 
A,4>G C'°([0, 1], FF'*) n C'1([0, 1], iF®“i). From the properties (15^ and (1501) of 
we also deduce 


||(TA)'^^(0)||^. + ||(a*TA)'^^(0)||^.-. + ||(r<(,)(0)||ff. + < e. 

Assume now that A = A_ + A+ + A' , where A± G 1] , A' G 1] 

and dtA' G C°([0,1],• Let 

TA = UAU-^ - Vt/C/-i, 

where U = Oj^^oo ®iiP L) ) is defined as above. We want to show that TA has the 
same regularity. Let ip = ip{t) be a smooth function with ip{t) = 1 for 0 < t < 1 
and ip{t) = 0 for t > 2. Then we obtain by Lemma Td.dl below and (1511) : 


\\UA±iP\\ . < ||V17^||w||A±|| j., < ||VC/||^^.p±ll .,f+ 

^ \\U - /||x||A±|| 3+ < £||A±|| 3+ , 

A I A I 


thus 


I|L1A±|| s 3 1 ^e||A±|| a S-+ 


Similarly we obtain 

||C/A±C/-i|| .3 


a;’■‘+[0,1] 


< e\\UA±\\^a 4 + <£d|24±|| .,3+ < oo. 

Aj_ LU,iJ 
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We also have 


||(Vt/)iAC7-Vll .,1+ < IIVC/IAIL^. 3+||V(C7 






thus 


H(vu)u- 




I <? 3 I 

x^'^ + [0.1] 


lx: 


,1 < ||Vt/||ff.||V(t/-')||ff^, 




Moreover by Sobolev we obtain 

<11 

< l|VC/||LL.P' 


llt/AVII <||V([/)l/>||^.yP'|| 

A-n 






<eP'l 


AT, 


Similarly as before this implies 

llUA'U-^l 




'[ 0 . 1 ] 


< oo. 


"W=o’^ [0,1] " "W 

By Sobolev’s muliplication law we also obtain 

l|C^i^t^'llco([o.i],L/'»-i) < l|V17||Lr<.||9tA'||co([o,i],/L«-i) < e||9t^'||co([o.i],_H-»-i) • 

As before this implies 

\\UdtA'U~^\\co(^[o,i],H^-^) ^ e^l|i^i^^llco([o,i].//'»-!) < oo . 

We have thus shown that TA has the same regularity as A. The same estimates 
also show that 


SO that T(j) = U(j>U ^ maps into itself. The same properties 

also hold for its inverse T~^ which is given by 

B ^ U-^BU + U-^VU 

cj)' ^ U<I)'U-^. 


□ 


In the last proof we used the following 

Lemma 4.3. The following estimate holds for s > § ~ f o.n-d e > 0 sufficiently 
small: 

||un|| |+, < ||VM||^j^^i||n|| . 

Proof. By Tao m, Cor. 8.2 we may replace V by (V) so that it suffices to prove 



We start with the elementary estimate 

|(n + T 2 ) T 16 + 611 < In T 1611 + ^2 T 1611 + 161 + 161 - 16 + 61 • 

Assume now w.l.o.g. |6I > 161- We have 

161 + 161 - 16 +61 < 161 + 161 + 161 - 161 = 2|6I > 

so that 


|(n +T 2 ) T 16 +611 < In +61 + In + |6II + 2min(|6l, 161) ■ 
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Using Fourier transforms by standard arguments it thus suffices to show the fol¬ 
lowing three estimates: 

- l|w|l.+i.1-^11^11^0.1+- 

- Ikll o+i-.,ilkll o,j+. 

± Xj_ 

The hrst and second estimate easily follow from Sobolev, whereas the last one is 
implied by m , Thm. 1.1. □ 


5. Proof of Theorem 11.21 and Theorem 11.11 


Proof. We only prove Theorem II.21 It suffices to construct a unique local solution 
of dH),©,® with initial conditions 

^'^^(0) = , A^f{0) = , </)(0) = <fo , {MM = </>i, 

which fulfill 


II^"^(o)I|ho + ||(atA)-^/(o)|U.-. + ||A=^(o)||^. + ||<^(o)||^. + ||(a,<^)(o)||^.-i < e 

for a sufhciently small e > 0. By Lemma 14 .1 1 there exists a gauge transformation 
T which fulfills ((SOI) and (TA)^^(O) = 0. We use Prop. EH] to construct a unique 
solution {A, (f)) of ([6]) , ([7]) , ([8]) , where A = + A'^ + A^^f and ^ , with 

data 


= (ryl)^/(0), {dtAf^iO) = {dt{TAf^){0 ), i"^(0) = (TAy^iO) = 0, 

m = {Tf>m, idt^o) = {dtTcpm 

with the regularity 


if G Xf^+[0,l],i=^ G = + [0,l],ati^/ G C°([0,l],iL^-i),^: 


± GXf^ + [0,l]. 


This solution satisfies also i, G 1], iJ'*) fl C^[0,1], 

Applying the inverse gauge transformation T~^ according to Lemma |4.1l we 
obtain a unique solution of dS]),©,® with the required initial data and also the 
same regularity. 

The proof of Theorem 1 1.1 1 is completely analogous by use of Prop. 13.11 □ 
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